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Pushing the Limit (Cycle)

Part I: Theory and Methods
• Linear Dynamics
• Nonlinear Dynamics

• Phase Portraits
• Limit Cycle Analysis (Poincare Maps)

Part II: Examples from Biomedical Literature
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Eadweard Muybridge, 1887. Wikimedia Commons.
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Tsuji, D.H., et al., Improvement of vocal pathologies diagnosis using high-speed videolaryngoscopy. Int Arch Otorhinolaryngol, 2014. 18(3): p. 294-302.



Atlas. Boston Dynamics. https://metrouk2.files.wordpress.com/2017/11/prc_60252175.jpg



Physical System → Differential Equation → Full Trajectory 
Model Solve



Nonlinear vs. Linearized Pendulum
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Limit Cycles

• Isolated, closed orbits in phase plane (state space)
• Only possible in nonlinear systems
• Proving (or ruling out) existence in a region can be tricky

• Gradient field?
• Lyapunov function?
• Dulac’s criterion?
• Poincaré-Bendixson theorem?

• Stable, semi-stable, or unstable

Stable Semi-Stable Unstable



van der Pol Oscillator Limit Cycle (µ = 1.0)

Balthasar van der Pol
1889 - 1959

http://www.dos4ever.com/centenial/centenial_en.html



van der Pol Oscillator Limit Cycle (µ = 0.2)

Balthasar van der Pol
1889 - 1959

http://www.dos4ever.com/centenial/centenial_en.html



Poincaré Maps
• First return map relative to a surface of section S (P: ℝ𝑛−1 → ℝ𝑛−1)
• In ℝ2 fixed points and closed orbits fall on the line of slope 1
• “Easily” extended to higher dimensions
• Continuous time system becomes discrete  ሶ𝒙 = 𝑓 𝒙 → 𝒙𝑘+1 = 𝑃 𝒙𝑘
• Stability related to eigenvalues of linearized P (slope < 1 in ℝ2)

http://underactuated.mit.edu/underactuated.html?chapter=4            http://www.mlahanas.de/Physics/Bios/images/HenriPoincare.jpg

S

Henri Poincaré
1854 - 1912



Poincaré Maps
• First return map relative to a surface of section S (P: ℝ𝑛−1 → ℝ𝑛−1)
• In ℝ2 fixed points and closed orbits fall on the line of slope 1
• “Easily” extended to higher dimensions
• Continuous time system becomes discrete  ሶ𝒙 = 𝑓 𝒙 → 𝒙𝑘+1 = 𝑃 𝒙𝑘
• Stability related to eigenvalues of linearized P (slope < 1 in ℝ2)

http://underactuated.mit.edu/underactuated.html?chapter=4            http://www.mlahanas.de/Physics/Bios/images/HenriPoincare.jpg

S

Henri Poincaré
1854 - 1912



Gait Cycle Analysis 

Eadweard Muybridge, 1887. Wikimedia Commons.

Phase Plane Analysis, Limit Cycles, Poincaré Maps



Hurmuzlu, Y., C. Basdogan, and J.J. Carollo, Presenting joint kinematics of human locomotion using phase plane portraits and Poincare maps. J Biomech, 1994. 27(12): p. 1495-9.
Cheng, M.Y. and C.S. Lin, Measurement of robustness for biped locomotion using a linearized Poincare map. Robotica, 1996. 14: p. 253-259.

Gait Cycle Analysis 



Hurmuzlu, Y., C. Basdogan, and J.J. Carollo, Presenting joint kinematics of human locomotion using phase plane portraits and Poincare maps. J Biomech, 1994. 27(12): p. 1495-9.

Gait Cycle Analysis 



Marghitu, D.B. and P. Nalluri, Nonlinear dynamic stability of normal and arthritic greyhounds. Nonlinear Dynamics, 1997. 12(3): p. 237-250.

Gait Cycle Analysis 

← Arthritic Greyhound



http://www.sciencefocus.com/article/human-body/how-do-circadian-rhythms-work

Circadian Rhythms
Limit Cycles 
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Jewett, M.E., D.B. Forger, and R.E. Kronauer, Revised limit cycle oscillator model of human 
circadian pacemaker. J Biol Rhythms, 1999. 14(6): p. 493-9.

Circadian Rhythms



Czeisler, C.A., et al., Stability, precision, and near-24-hour period of the human circadian pacemaker. Science, 1999. 284(5423): p. 2177-81.

Circadian Rhythms
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Neural Pattern Generators
Limit Cycles, Phase Plane Analysis



Herrick, Francis Hobart (1911) Natural History of the American Lobster, Bulletin of the Bureau of Fisheries, vol.29, 1909, Washington, DC: Government Printing Office. Wikimedia Commons.



http://www.bio.brandeis.edu/marderlab/figures/gastricMill_col.jpg
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Neural Pattern Generators



Selverston, A.I., A neural infrastructure for rhythmic motor patterns. Cell Mol Neurobiol, 2005. 25(2): p. 223-44.

Neural Pattern Generators



Zhu, L., A.I. Selverston, and J. Ayers, Role of Ih in differentiating the dynamics of the gastric and pyloric neurons in the stomatogastric ganglion of the lobster, Homarus americanus. J 
Neurophysiol, 2016. 115(5): p. 2434-45.

Neural Pattern Generators

Pyloric Neurons Gastric Mill Neurons

• Studying the role of Ih in regulating pyloric and gastric mill cycles
• Phase portrait reveals rhythmic similarities in the absence of Ih

• Spontaneous recovery when blocking relaxed -> limit cycle



Cardiac Pacing

https://commons.wikimedia.org/wiki/File:Cardiac_conduction_system.jpg
https://commons.wikimedia.org/wiki/File:2023_ECG_Tracing_with_Heart_ContractionN.jpg

Limit Cycles, Poincaré Maps



Cardiac Pacing

Garfinkel, A., et al., Controlling cardiac chaos. Science, 1992. 257(5074): p. 1230-5.
Crutchfield, J.P., et al., Chaos. Scientific American, 1986. 255(6): p. 46-&.
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Pushing the Limit (Cycle)

Next up: Chaos in the OR?

Dartmouth Biomedical Engineering Center

PI: Dr. Douglas Van Citters

Rebecca Butler
Ryan Chapman
Dr. John Collier
Barb Currier
John Currier
Audrey Martin
Dr. Michael Mayor, MD
Fioleda Prifti

• Graphical methods can provide insight into the 
structure of nonlinear dynamical systems, even 
when differential equations cannot be solved 
analytically

• Limit cycles possible in nonlinear systems

• Periodic (and aperiodic) oscillations in biological 
systems can be analyzed - and sometimes 
controlled - using nonlinear techniques


